Abstract. This paper presents a method of evaluation of four integrals of Howland type, which involve a Bessel function in the integrands. With the aid of tabulated values, they are evaluated to 10D. Two of the four Howland integrals needed in the evaluation are evaluated anew to 20D in order to provide adequate accuracy.
In a recent investigation of certain problems in elasticity concerning elliptic boundaries, four integrals of Howland type involving an additional Bessel function in the integrands were encountered. We believe that they deserve special consideration. The integrals are as follows:
(1) where Jn is a Bessel function of the first kind of integral order n. n and k are nonnegative integers restricted as indicated above in order to render each integral convergent at the lower limit. The constant a may be real or complex. By using the usual series expression for Jn and integrating, the first integral becomes (2) f,m -|o(-ir(" ;2')(«+ *+ *)(f p/,^", where (3) h -T7 I ^TPS-T^T-(k > I).
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Since 4 tends asymptotically to unity as k tends to infinity, we write, with a view of improving convergence of the series, FnM = KnM(a) (4) p = 0 -I;<-./(" ;2')rr')o-/-^p, where [7] { x ?k+x r°° in 4-IcV = V/0 mke'lmjn^a) dm -yL±£Lfjr{t)tkî n which Pk~" is an associated Legendre function of the first kind [1] and (6) / = 2/(a2+4)1/2.
Or, in terms of Gauss' hypergeometric function, « *">H"r)(ÍTÍp'M-"+l;"+l;H)-if t is real and -1 < / < 1. On the other hand, if t is complex, the factor (1 -r)"/2 is replaced by (/ -1)"/2. Similarly, the other three integrals are
-J Hr(" ;2p)("+ * + 2")d -»w-»)(fp The evaluation of the last two integrals in (9) has been considered before by the first author [4] . It was found that The integrals Ik, I£, IIk and II£ are the four ordinary Howland integrals. The first two were tabulated by the first author and Lin to 25D [6] , [5] and the remaining two by Nelson to 9D [8] . The Riemann zeta function Sk was tabulated by Glaisher for integral k to 32D [2] . Among these tabulated values, it appears that Nelson's 9D values of IIk and 11% are inadequate for the present purpose. Consequently, the values are computed anew. The evaluation of these two integrals is described in the Appendix. Table 1 shows the values to 20D.
The relations in (4) and (8) are suitable for numercial computation. With the tabulated values, the four integrals can therefore be evaluated when a is given. In case of slow convergence of the series, the Euler transformation for alternating series [3] may be applied. The following recurrence relation for the first integral is mentioned:
Fn-lAa) + Fn+lAa) = -j^Fn,k-\(a\ which is derived by virtue of the relation connecting three Bessel functions of consecutive integral orders. Similar relations can be found for the other three integrals as well as for Knk(a). These recurrence relations may be used for checking purposes. They can also be used for computing an unknown integral from two known integrals. Values of the four integrals for the particular value a = 1 are computed. The expression in (7) is used for computing Knk. The results for n = 0(1)3 and k = 0(1)10 are shown in Table 2 to 10D. where, for n > 0,
The series in (17) is rapidly convergent when k is large but slowly convergent when k is small. For instance, an accuracy of 20D can be reached with the first six terms when k > 30, with the first twenty terms when k > 22, and with the first eighty terms when k > 18. To reach an accuracy of 25D, the corresponding values of k are not less than 35, 26, and 21, respectively. It is noted that these two integrals, unlike Ik and If, cannot be evaluated by Plana's method. In terms of Ik and /£, the following relations are obtained by expanding e~w into series of w and then applying the Kummer transformation [3] :
They are suitable for computation only for the first few values of k. When k increases, accuracy is rapidly lost due to the binomial coefficient involved in the series. However, it appears that the loss can be reduced if the computation is carried out in several steps through some intermediate integrals. Suppose that s steps are taken and in each step a factor e~w/s is expanded into series instead of e~w. Denote the intermediate integrals in the rth step by
where r = 0, 1, 2, . . . , s. These expressions give Ik and /£ when r = 0, and IIk and //* when r = s. In a similar manner, it is found that (21) It is seen that the binomial coefficient involved in the series is now divided by a factor s". Hence, the loss of accuracy is considerably reduced, especially when s is large. If the computation is carried out recurrently s times, the integrals IIk and //* are obtained. Also, it turns out that the total loss of accuracy in í steps together is smaller than that by (19) in a single step. The values rounded to 20D are shown in Table 1 . No discrepancy is noticed in Nelson' s 9D values when they are compared with the present values.
Corrigenda. The factor (-l)m+n in (3) and (7) of the paper [6] and also in (3) of the paper [5] should be deleted. The expressions (6) in the paper [6] should be revised accordingly. These corrections, however, do not effect the numerical results of the Howland integrals Ik and /* in these two papers. 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 0.00000 00000 00000 00022 00000 00011 00000 00005 00000 00003 00000 00001 00000 00001
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